Large-area monitoring and accurate damage quantification are two primary goals of ultrasonic, guided wave-based structural health monitoring (SHM). Reverse-time migration (RTM) is an effective damage imaging technique for both metallic and composite plates. In geophysics, incorporating least-squares inversion into migration can generate images with higher resolution and suppressed artifacts in comparison with conventional RTM. Development of a least-squares reverse time migration (LSRTM) technique is promising for SHM since it could expand the imaging area for a given sensor array while maintaining a relatively high resolution. An LSRTM technique is introduced in this research for damage imaging in an isotropic plate using A 0 mode Lamb waves. A finite difference algorithm based on the Mindlin plate theory was used to simulate the flexural wave propagation. To form the theoretical foundations for guided wavebased LSRTM, a forward modeling operator and its adjoint are defined. The damage images from both numerical simulations and experiments show that LSRTM can enhance imaging resolution and reduce artifacts.
Introduction
As the maintenance cost of engineering structures increases [1, 2] , so does the need for rapid nondestructive evaluation (NDE) and quantitative structural health monitoring (SHM) [3] . These technologies provide continuous health state awareness and enable more informed maintenance practices, such as condition-based maintenance [4] . Ultrasonic guided waves have received significant attention in the past two decades, particularly in the field of SHM [5] as a result of their ability to propagate over long distances and areas, and provide through-thickness information [6] . These characteristics, combined with a data acquisition system and an imaging algorithm, have the potential to yield rapid NDE and quantitative SHM.
A key component of a data acquisition system is its transducers. Different transducer types are suitable for various ultrasonic guided wave applications. Excitation or reception components can be piezoelectric wafers [7, 8] , shear-horizontal transducers [9, 10] , polyvinylidene difluoride (PVDF) transducers [11] , air-coupled transducers [12, 13] , pulsedlaser [14] and laser Doppler vibrometer (LDV) [15] . The patterns for transducer distribution vary from sparse array [16] to densely distributed arrays [17, 18] , and full-aperture array [19, 20] .
The other critical aspect of a successful guided wavebased SHM or NDE system is an effective imaging algorithm.
A variety of algorithms have been studied to provide damage detection and quantitative imaging using guided waves. Time-of-flight-based triangulation and its variations [14, 21] are typically used for damage localization. Delay-and-sum [22] can approximate damage sizes [23] , especially with additional features in imaging algorithm design such as minimum-variance estimation [24] and damage distribution probability [25] .
Improved accuracy can be achieved with the consideration of diffraction effects using diffraction tomography [26, 27] . A hybrid algorithm for robust breast ultrasound tomography [28] , based on theoretical Green's functions, utilize the diffraction tomography as an initial model of a scattering object. This scattering model is then iteratively updated to further improve the resolution. As studied by Rose et al in [29] , time-reversal (TR) can be related to diffraction tomography. Originating in general ultrasonics [30] , TR is based on the decomposition of the TR operator to extract singular values corresponding to different scatterers. With an imaging condition called MUltiple SIgnal Classification, TR can achieve resolution finer than half of the input wavelength (super-resolution) [31, 32] . However, artifacts have been observed for this method when encountering finite-sized (compared with wavelength) targets including damage sites, since the theory was derived for point-like scatterers [33] .
For damage comparable to or larger than the wavelength, reverse-time migration (RTM) has been proven to be an effective guided wave-based damage imaging technique [29, 34] . RTM originated in the field of geophysics [35, 36] . It is based on two-way wave equations, which can more accurately characterize complex scattering paths as well as steeply dipping faults by reducing kinematic errors [37] . For the same reasons, when used as an ultrasonic NDE and SHM technique, RTM is suitable for imaging data acquired in structures with complex geometries [38, 39] and to image damage with complex signatures such as multiple modes scattering effects [40] . Similar to diffraction tomography, RTM can also generate images with physical meaning (e.g. damage reflectivity, obtained from a normalized zero-lag cross-correlation (ZLCC) imaging condition [15, 41] . Some imaging conditions that can potentially be used in conjunction with guided wave RTM are based on displacement wavefield [42] , scalar wavefield [43] , or energy norms [44] [45] [46] .
While RTM has demonstrated early success in the field of SHM, RTM images often contain various undesirable artifacts when bandwidth and sensor coverage are limited. This problem is not unique to RTM technique but does hinder the technique for real-world applications with limited sensor coverages. Least-squares migration (LSM) is an imaging algorithm that reduces these migration artifacts and also improves the resolution of migrated images. LSM is a linearized waveform inversion that has been used to find the image that best predicts, in a least-squares sense, the recorded seismic data [47, 48] . When LSM uses an RTM engine, it is referred to as least-squares reverse-time migration (LSRTM) [49] [50] [51] .
The main purpose of this paper is to explore LSRTM as an SHM technique for imaging damage in plate-like structures. The work focused on Lamb wave, a particular type of ultrasonic guided wave, common to the field of SHM. The goal of the work is to demonstrate higher resolution and higher degrees of artifact suppression compared to conventional RTM imaging. The remainder of this paper is organized as follows: first, the theory of LSRTM is derived in the context of ultrasonic guided waves. Then an efficient optimization algorithm, the conjugate gradient (CG) method, is introduced. The method was used to implement the LSRTM technique. Finally, numerical and experimental results from LSRTM are compared with the images obtained from conventional RTM.
LSRTM theory
The process of traditional RTM contains three parts: the forward wavefield simulation, the back-propagation of the time-reversed received signals, and the application of imaging conditions [17] . As mentioned earlier, a normalized ZLCC imaging condition [15] in RTM can generate the reflectivity or the reflective coefficients of the damaged region. This physical meaning of the image is particularly useful because it can be converted to plate thickness loss or stiffness change through dispersion relations such that damage severity can be quantified as well [52] .
In this research, with the selected damage model parameter as its reflectivity m, which is defined as the amplitude ratio between the reflected waves and the incident waves, LSRTM theory is developed in the context of guided wavebased damage imaging.
Forward modeling is the process of generating the damage-scattered waves via numerical simulation using a model of the damaged component or structure being monitored. This process generates the signals to be compared with experimental measurements. The next subsection introduces the procedures to convert the discrepancy between the measured data and the simulated data to quantitative model updates for each iteration.
Mathematically, the forward modeling process can be represented by a formal modeling operator F as:
where d obs is the received damage-scattered data at the sensor array, and in this research, only a single source is used such that there is only one forward wavefield generation during this process. Then the migration imaging is the adjoint of the forward modeling [36] , which can be expressed as
where F T is the adjoint operator that transforms received data d obs into the image m mig . From equations (1) and (2), the relationship between the migration image and the true reflectivity image [53] is
Theoretically, the true reflectivity image m true can be estimated using the following equation
However, in practical applications, the inverse of F F T is usually too expensive to compute [49] . Instead of directly calculating equation (4) to find the solution m true to equation (1), the solution can be alternatively and efficiently calculated through minimizing the following objective function
which evaluates the misfit between observed data d obs and the predicted data Fm using l 2 norm for the total number of actuators e. In this research, a single actuator was used such that e=1. Then the Hessian matrix (second-order partial derivatives) of is denoted as
which will be used to simplify expressions in the next section.
CG method for LSRTM
To solve the least-squares problem in equation (5), a gradient optimization method such as steepest descent (SD) or CG [54, 55] is commonly used. The CG method converges faster compared with SD. The CG method updates the predicted reflectivity model in the following way:
where m k+1 and m k are the (k+1)th and kth predicted reflectivity models, α k is the step length for model updates, and p k is the moving direction of the optimization process in the kth iteration. The model residual at the kth step is r m Hm . 8
Note that r k is also the negative gradient of at m k . With a resemblance to Gram-Schmidt orthonormalization, in CG, the updating direction p k is formed to ensure p k is conjugate to all the previous directions p i , i<k with respect to matrix H (H-orthogonal), i.e. p r p Hr p Hp . 9
The step length α k in equation (7) for model updating is calculated as r r p Hp
Then the model residual for the (k+1)th iteration can be updated using equations (8) and (7) as r r Hp.
Similarly, the data residual can be updated as
Instead of calculating all previous moving directions using e.g. (9) for each iteration, it is possible to use a step length β k to update the moving direction p k+1 , i.e. The schematic diagram of the LSRTM is shown in figure 1 , where the top part is the same as the conventional RTM. The details of implementation for calculating the data residual, model residual, and predicted reflectivity model described in figure 1 are summarized in equations (11), (12), and (7), respectively.
Numerical simulation for damage imaging using LSRTM
In this section, the RTM and LSRTM damage imaging results using ultrasonic guided waves are compared. A finite difference algorithm was employed to simulate the flexural wave propagation based on Mindlin plate theory. Only A 0 mode Lamb waves exist in the simulation. Details about the finite difference algorithm can be found in [56] . The plate was modeled as aluminum 6061-T6 and the plate dimensions were 400 mm×400 mm with a thickness of 2.2 mm (figure 2). The material properties were assigned to every grid in the finite difference algorithm.
All the material properties and geometrical information were known a priori. The actuator was simulated as grid points in the finite difference algorithm, corresponding to the area of the piezoelectric wafer in experiments. The finite difference algorithm inputs the excitation as time-dependent pressure distributed over the nodes to generate and record the forward wavefield. A 2.5-cycle Hanning-windowed toneburst excitation signal was applied to the actuator as an out-ofplane force. In the finite difference algorithm, the plate domain was discretized by a 400×400 mesh, with a 1 mm × 1 mm grid size. The actuator and the 2D scan points were modeled as grid points at their corresponding locations.
A 2D sensor array with 41×3 elements with a spacing of 3 mm was simulated to record the out-of-plane velocity. This 2D array design is sensitive to the incoming direction of the damage-scattered waves and reduces the ghost image on the opposite side of the array [15, 17] . This setup resembles the 2D array in the following experimental section, where the reception array was formed using the scanning points from a LDV.
A damage site was modeled as a constant reflectivity/ scattering value based on the Born approximation [26, 57] . Thus, the scattered wavefield is propagated using source-time functions whose locations are within the damaged region, and values are calculated as the product between the incident wavefield and the corresponding scattering amplitude. In this section, the rectangular damage was 10 mm in length and 6 mm in width. The reflectivity value of the damage site was set to 0.5 and the center of the damage was 60 mm away from the actuator.
The results using an excitation signal with a center frequency of 100 kHz, using both RTM and LSRTM, are shown in figure 3 . The reason to use 100 kHz is that the signal-tonoise ratio at this frequency is high using the piezoelectric wafers introduced in the experimental section. The conventional RTM image ( figure 3(a) ) illuminates the damaged area well. However, it also displays artifacts around the damaged region. On the opposite side of the array, a ghost image of the damage site can be spotted as well. Those artifacts and the ghost image are due to the limited aperture of the arrays. Limited-aperture arrays might be more practical than a fullaperture array, in cases where the inspection area is enclosed within the area surrounded by an array. However, a disadvantage of using a limited-aperture array is the generation of imaging artifacts due to the sidelobe of the array, which usually represents unwanted energy radiation in undesired directions [17] . Figures 3(b) -(e) shows the LSRTM results at four iterations. The image from the first iteration of LSRTM is similar to the conventional RTM results except for the amplitude. However, the artifacts around the damaged regions are reduced gradually over iterations. The imaging resolution has been improved because the illuminated region is closer to the original rectangular damage. The length of the 'butterfly' artifacts next to the damage site became shorter, and the intensity of the ghost image on the opposite side of the array becomes weaker, as shown in figures 3(c)-(e). For the 15th iteration, the ghost image effect is almost completely eliminated.
In figure 3(f) , the normalized objective function, , calculated by equation (5), is monotonically decreasing. Since the Born approximation was used such that the formulated modeling was linear, the objective function was expected to be convex. This is why the objective function approaches the global minimum in a monotonically decreasing manner. For NDE or SHM, this minimum leads to corresponding solutions (images) that are least-squares estimations of the damage model. Compared with another inversion-based imaging algorithm-full waveform inversion (FWI), whose optimization is a nonlinear problem [20, 58, 59 ]-LSRTM will converge to the global minimum as a linear optimization problem.
For the 100 kHz case, since the wavelength of the incident waves is relatively large, the imaged damage region was over-estimated by conventional RTM with those 'butterfly' artifacts ( figure 3(a) ). In contrast, LSRTM systematically reduced the over-estimation of the damage. To examine the influence of wavelength and the scattering effects at a different center frequency, another numerical simulation case was performed for the same damage site using an input signal with a center frequency of 400 kHz. The conventional RTM results are shown in figure 4(a) . The artifacts around the damage region became weaker and the image of the damage site was also more focused when compared to the 100 kHz case. However, the 'ghost' image on the opposite side of the array became stronger. Similar to the previous example, the first iteration of LSRTM ( figure 4(b) ) was similar to the conventional RTM image. As the number of iterations increased, the ghost images were suppressed further, until almost fully eliminated, as shown in figures 4(c)-(e) . Although the artifacts around the damage regions of conventional RTM are already reduced at this higher frequency, they were still present. LSRTM compresses those artifacts further and the final image of LSRTM shows a well-focused damage region without any obvious artifacts or ghost images. In figure 4(f) , the normalized objective function is also monotonically decreasing for the 400 kHz case.
Experimental validation of the LSRTM technique
The aluminum alloy 6013-T6 test specimen is shown in figure  5 . The plate had dimensions of 400 mm×400 mm×2.29 mm. A half-thickness notch with dimensions of 23 mm×10 mm was placed in the plate as shown using electrical discharge machining. The data acquisition system included a 2D translational stage (IAI ROBO), a function generator (Tek AFG3000), a power amplifier (Krohn-Hite 7602), and an LDV (Polytec OFV-505). In order to receive the out-of-plane velocity on the surface of the plate, the LDV was oriented perpendicular to the plate. One piezoelectric wafer (Steiner Martins, Inc.) was attached to the center of the plate as the actuator, which was with dimensions of 7 mm in diameter and 0.3 mm in thickness.
To validate the wave propagation simulator implemented in this research, the experimentally acquired signals were compared with the simulated signals. The signals received by all the 123 sensors from both the experiment and the simulations are compared side-by-side in figure 6 . The total acquisition time is 100 μs. The numbering of the sensors starts from the top left, then moves horizontally for each row, ending with the bottom right element, the same as the LDV scanning sequence. In this manner, the top row ranges from 1 to 41; the second row ranges from 42 to 82; the bottom row ranges from 83 to 123. Since there are three separate linear arrays horizontally aligned in the 2D array, both figures 6(a) and (b) show three interconnected regions. Signals between 0 and 40 μs mainly contain direct arrivals. After 45 μs, the sensors closer to the actuator began to receive the damage- To perform back-propagation in RTM, the damagescattered signals need to be time reversed. No baseline signals were available for this study since the notch was already cut before the experiment. Fortunately, the damage-scattered signals were not heavily superimposed with the direct arrivals. Simple mask filtering in time was applied to eliminate direct arrivals. For instance, the signal in-between 0 and 56, μs from Sensor 1 and the signal between 0 and 40, μs from Sensor 21 (the center element in the upper linear array) were set to zero. The backward wavefield was calculated using the finite difference algorithm with these time-reversed, damage-scattered signals as input at the sensor locations.
The resultant damage images using conventional RTM and LSRTM are shown in figure 8 . As can be seen from figures 8(a), (b), the conventional RTM provides similar results as the first iteration of LSRTM. The damage location is correctly identified. Because the wavelength is relatively large, the main illuminated area was larger than that of the notch region. The ghost image on the other side of the array is also easily seen. Some 'ring' artifacts appear as well, which might be due to the incompletely extracted direct arrivals in the backpropagated signals. In figures 8(c)-(e), the ring artifacts are gradually balanced out using LSRTM. The ghost image is also eliminated. The illuminated damaged region became more focused, and the imaging resolution has been increased. These improvements potentially lead to easier automated detection and quantification of damage. Starting from figure 8(d) , some large values begin to accumulate close to the array region, which should not be a critical problem, since guided waves are aiming for long-distance inspection or monitoring. The objective function converges even faster in a monotonically decreasing manner than the simulations.
Conclusions and future work
LSRTM minimizes an objective function which quantifies the difference between the experimentally measured data and the data predicted by the model. The objective function in LSRTM monotonically decreased as the damage reflectivity was iteratively updated using the CG method. When compared with conventional RTM, the proposed LSRTM improved resolution and reduced artifacts using the same 2D sensor array. The ghost image due to the sidelobes of the 2D transducer array was significantly suppressed. Future work includes extending this LSRTM technique to composite materials.
